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We prove that a necessary condition for genuinely quantum correlations is that the structure of 
relationships of exclusivity between the events tested contains, as induced structures, (i) odd cycles 
of length 5 or more, and/or (ii) their complements. Family (i) is a well-known family of quantum 
structures. Family (ii) is identified here as a family of quantum structures. We characterize its max- 
imum classical and quantum values and show that it provides valuable information on the dimension 
of the system. We show that the present knowledge in graph theory is compatible with/strongly 
suggests that the quantum correlations of family (i)/(ii) are singled out by the principle that the 
sum of probabilities of pairwise exclusive events cannot exceed 1. 

PACS numbers: 03.65.Ud,03.67.Mn,42.50.Xa 



Introduction. — Quantum mechanics (QM) shows that 
correlations between the results of some experiments are 
contextual (i.e., cannot be explained with any the- 
ory in which the results are independent of other com- 
patible measurements) and nonlocal Q (be., cannot be 
explained with any theory in which the results are in- 
dependent of other spacelike separated measurements). 
This is the reason for the power of quantum correlations 
for secure communication 043 and novel forms of in- 
formation processing and computation Q. Interestingly, 
quantum correlations are contextual and nonlocal in a 
very specific way. A fundamental question is what are 
the physical principles explaining this specific contextu- 
ality and nonlocality 0- 12|. In this paper, we investigate 
what makes experiments that reveal genuinely quantum 
correlations special, and what are the physical principles 
explaining this specific contcxtuality and nonlocality. 

We will use the violation of noncontextuality (NC) in- 
equalities 13-17 1 as the tool for identifying and inves- 
tigating quantum correlations. NC inequalities imple- 
ment restrictions satisfied by any noncontcxtual theory 
in which the results of tests are independent of other 
compatible tests. Bell inequalities [H are NC inequalities 
in which the tests are not only compatible but spacelike 
separated. Once a violation is detected, the problem is to 
identify what principles preclude higher violations than 
those allowed in QM. 

A novel approach to this problem is introduced in 
Refs. 0, [3], where it is shown that there is a one-to- 
one correspondence between NC inequalities violated by 
QM and graphs G with their independence number a(G) 
(which is the maximum number of pairwise nonadjacent 
vertices in G) strictly smaller than their Lovasz number 
#(G) (which was introduced as an upper bound to the 
Shannon capacity of G [III)- Hereafter, we will refer to a 
graph G for which a(G) < $(G) as a quantum contextual 
graph (QCG), and to a graph for which a(G) =JHG) 
as a quantum noncontextual graph (QNCG). In [18j it 



is shown that any experiment producing quantum cor- 
relations can be associated to a QCG: a(G) gives the 
maximum value noncontextual correlations can achieve 
in that experiment, and $(G) provides an upper bound 
of the quantum correlations. The reciprocal connection 
is proven in any QCG G can be associated to an ex- 
periment in which the convex combination S(G) of prob- 
abilities of events in a NC inequality is upper bounded 
by a(G) for noncontextual theories and reaches i?(G) in 
QM. 

Given a NC inequality, the graph G codifies the rela- 
tionships of exclusivity between the events tested in the 
NC inequality. G is constructed as follows: Any linear 
combination of probabilities of events in a NC inequality 
can be written as a convex combination S of probabil- 
ities of events (plus a constant). G(S) is the graph in 
which the events in S arc represented by vertices and ex- 
clusive events are represented by adjacent vertices. This 
graph can be a vertex-weighted graph when the proba- 
bilities appear in S with different weights. For example, 
for the Clauser-Horne-Shimony-Holt (CHSH) inequality 
21], S'chsh = P( a > 2/)) where the sum is extended 
to all {0, 1} and a, b <E {0, 1} such that a © b = xy, 

where © denotes sum modulo 2. P(a, b\x, y) is the prob- 
ability of the event "the results a, b are respectively ob- 
tained when the tests x, y are performed," denoted as 
a, b\x, y. Two events a, b\x, y and a', b'\x' , y' are exclusive 
if and only if they cannot be simultaneously true; that 
is, if and only if x — x' and a ^ a' , or y = y' and b ^ b' . 
G(<Schsh) is the 8-vertex (l,4)-circulant graph (l8j . 

Within this framework, the program for finding the 
physical principles behind quantum correlations starts 
by finding the principles explaining the maximum value 
that QM achieves for any given structure of relationships 
of exclusivity between events; hereafter simply called 
"structure." 

Results. — Here we show that any structure represent- 
ing genuinely quantum correlations contains simpler ba- 
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sic structures representing genuinely quantum correla- 
tions. The presence of these basic structures is a nec- 
essary condition for the larger structure to be quantum. 
The contextuality of the larger structure is connected to 
the contextuality of the simpler structures. The exact na- 
ture of this connection will be addressed elsewhere. The 
purpose of this paper is (I) to prove that the presence 
of these structures is a necessary condition for the larger 
structure to have quantum contextuality, (II) to charac- 
terize the maximum quantum contextuality of these ba- 
sic structures, and (III) to identify the physical principle 
singling out this quantum contextuality. 

A subgraph H of a graph G is said to be induced if, for 
any pair of vertices i and j of H , ij is an edge of H if and 
only if ij is an edge of G. For example, a graph G has 
an induced pentagon if removing all but 5 vertices (and 
their corresponding edges) of G we end up exactly with 
a pentagon (i.e., with no additional edge). Physically, 
if the convex combination of probabilities S(G) of a NC 
inequality is represented by G, and G has H induced, 
this means that S(G) contains the convex combination 
S(H) associated to H. 

Our main result is the following. 

Result 1: Any QCG contains, as induced subgraphs, 
odd cycles on 5 or more vertices and/or their comple- 
ments. 

This result is based on two fundamental results in 
graph theory: the strong perfect graph theorem and the 
(weak) perfect graph theorem. Perfect graphs were intro- 
duced [22( in connection to the problem of the zero-error 
capacity of a noisy channel [23| : Shannon observed that 
uj(G* n ) = uj(G) n [where uj(G) is the clique number of G, 
and G* n is the disjunctive product of n copies of G] is 
true for graphs such that w(G) = x(G) [where x(G) is the 
chromatic number of G; in general w(G) < x(G)], which 
made the problem of characterizing the Shannon capac- 
ity of such graphs more tractable. Berge defined perfect 
graphs as those graphs G for which ui(H) = x{H) for each 
induced subgraph H C G. He observed that all odd cy- 
cles C n with n > 5 (known in graph theory as odd holes) 
and their complements C n (known as odd antiholes) sat- 
isfy cj(G) < x(G). From this result, he conjectured that 
a graph G is perfect if and only if G has no odd hole or 
odd antihole as induced subgraph (strong perfect graph 
conjecture). This conjecture has been recently proven, 
and it is now known as the strong perfect graph theorem 
0. 

The perfect graph conjecture (due also to Berge), 
which was later proved by Lovasz [251 ] and is now known 
as the (weak) perfect graph theorem, states that if G is a 
perfect graph, then its complement, G, is also a perfect 
graph. 

Theorem 1: Let G be the graph representing the struc- 
ture corresponding to a NC inequality. If G is a perfect 
graph, then G is a QNCG and, as a consequence, the NC 
inequality is not violated by QM. 



Proof: If G is perfect, then u>(G) = x(G). On the other 
hand, according to the sandwich theorem (26|, w(G) < 
$(G) < x(G) f° r an Y graph G. Hence, G perfect implies 
w(G) = tf(G) = x_(G). Given that w(G) = a(G), we 
obtain a{G) = $(G), i.e., if G is a perfect graph then 
G is a QNCG. Applying now the (weak) perfect graph 
theorem, if G is perfect then G is also perfect. Therefore, 
repeating the previous argument the other way around 
we conclude that G is a QNCG as well: a(G) = i9(G). 
This finishes the proof. ■ 

Corollary 1: If G is a QCG, then G is not perfect. Con- 
sequently, by the strong perfect graph theorem, any QCG 
must necessarily contain odd holes and/or odd antiholes 
as induced subgraphs. 

This proves Result 1. The simplest odd holes and an- 
tiholes are illustrated in Fig. [1] 

Note that if a graph G is perfect, then it is a QNCG, 
and the same is true for G. However, a QNCG can be 
nonperfect. On the other hand, if G is a QCG, then G 
can be a QCG or a QNCG. As shown in the Appendix I, 
there are examples of both cases. 

Result 2: Odd cycles on 5 or more vertices and their 
complements are QCGs. 

Proof: For any n odd > 5, 
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Quantum correlations with contextuality exactly given 
by $(G) can be obtained from any Lovasz-optimum or- 
thonormal representation (OR) of G A (faithful) 

OR of G is an assignment of unit vectors {\vj)}" =1 to 
the vertices of G such that orthogonal vectors are as- 
signed to the vertices (iff) if they are adjacent. It is 
Lovasz-optimum if there is a quantum state such that 

E;=il(^h/;>i 2 = tf(G). 

A Lovasz-optimum OR of 
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sion 3 is the following: 
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[cos0, sin (j> cos (j^f) , sin ^ sin , with j = 1, . . . , n, 

cos 2 (f> = ®^2™1 1 anc } numerating the vertices as in 
Fig. [TJ A convex combination of probabilities of events 
matching G„ is S(C n ) — ^(^i ^Nj * + 1)> where the 

sum is taken modulo n, and the maximum quantum 
violation $(G„) is obtained preparing the state |?/>) and 
measuring the observables i = \vi){vi\. 

A Lovasz-optimum OR of C n in dimension n — 2 is the 
following: (ip\ = (1, 0, . . . , 0), and the fc-th component of 
denoted as Vj with < j < n— 1 and < k < n— 3 
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FIG. 1: Basic structures present in any NC or Bell inequality 
violated by QM: Odd cycles on 5, 7, 9, and 11 vertices (upper 
row), and their complements (lower row). C5 and C5 are 
isomorphic. 



as in Fig. [T] A convex combination of prob- 
abilities of events matching C n for n > 7 is 
S(C n ) = E™=i^(1,0,---,0|m + 2,...,i + n - 3), 
where the sum is taken modulo n, and the maximum 
quantum violation $(G n ) is obtained preparing and 
measuring i = ■ 

Observation 1: No member of families (i) and (ii) has 
another member of these families as an induced subgraph. 
This suggests that (i) and (ii) could be used as a basis 
for a decomposition of any graph. 

Observation 2: The basic structures necessary for 
quantum contextuality are the same basic structures nec- 
essary for graph nonperfectness. 

Proof: A graph G is called almost-perfect [27], 28 1 if 
there exists at least one vertex v G V(G) such that 
the graph G — v obtained by deleting v (and its inci- 



dent edges) is perfect. Trivially, every perfect graph is 
almost-perfect. There are many nonperfect graphs which 
are almost-perfect. The interesting point is that there 
are nonperfect graphs for which the deletion of any ver- 
tex gives rise to a perfect graph: A graph G is minimal 
(or minimally) imperfect if it is not perfect but every in- 
duced subgraph H C G is perfect (i.e., U){G) < x(G) 
but u(H) = x(H),VH C G, H induced). Note that, as 
a consequence of the strong perfect graph theorem, any 
nonperfect graph is cither an odd hole or an odd antiholc, 
or must contain such odd holes and/or odd antiholes as 
induced subgraphs. Hence, the only minimal imperfect 
graphs are the odd holes and odd antiholes. Moreover, 
given that every induced subgraph H C G rn of a minimal 
imperfect graph G m is perfect, then the deletion of an ar- 
bitrary vertex v G V(G m ) produces an induced subgraph 
of G m which is a perfect graph (2^]. Therefore, minimal 
imperfect graphs are not only almost-perfect but the only 
almost-perfect graphs for which almost-pcrfectness does 
not depend on the vertex choice. That is why odd holes 



and antiholes are the necessary basic structures for non- 
perfectness: Starting from an arbitrary nonperfect graph, 
and deleting vertex by vertex trying to preserve nonper- 
fectness in the subsequent resulting induced subgraphs, 
eventually leads to a minimal imperfect graph. Since 
minimal imperfect graphs are also QCGs (see Result 2) 
and all QCGs are nonperfect (Corollary 1), then minimal 
imperfect graphs are the simplest structures giving rise 
to quantum contextuality. ■ 

Dimension witnessing. — A distinguishing feature of 
family (ii) is that the presence of its members induced 
in a graph G provides valuable information about the 
minimum quantum dimension of a system having corre- 
lations described by G. While any structure of family (i) 
can be implemented on a three-dimensional system, this 
is impossible for the structures of family (ii) for n > 7. 

Result 3: If a quantum structure has as an induced 
structure a complement of an odd cycle on n > 5 vertices, 
then the quantum dimension of the systems producing 
exactly these correlations is, at least, [2n/3j. 

Proof: Let G be a quantum structure containing an 
odd antiholc C n as induced structure. To obtain a lower 
bound of the dimension d of the quantum system produc- 
ing correlations described exactly by G (i.e., by a faithful 
OR of G), we can study the constraints imposed by the 
presence of C n . Note that for any two different vertices 
u,v G C n , N(u) 7^ N(v), where N(i) denotes the neigh- 
borhood of vertex i (see Fig. [IJ. This implies that a 
faithful OR of G must assign different vectors to u and 
v. As a consequence, we can lower bound d by identifying 
subgraphs in G n which are geometrically impossible in a 
space of lower dimension, assuming that distinct vertices 
are assigned distinct vectors. For example, the simplest 
impossible graph in d = 1 consists of two nonadjacent 
vertices in G n ; in d = 2, three vertices, one of them adja- 
cent to the other two. From these two impossible graphs, 
one can recursively construct impossible graphs in any d 
by adding two vertices adjacent to all vertices of an im- 
possible graph in d — 2. For example, if G„ contains a 
square, then d > 3. In brief, the graph F obtained by 
deleting [d/2\ disjoint edges from a d-vertex complete 
graph Kd is an impossible subgraph in dimension d — 1 
of G„. 

To lower bound d, we must consider 3 cases: (CI) If 
n = 3m, m G N, take the subgraph F induced in C n by 
vertices {1, 2, 4, 5, ... , 3i+l, 3i+2, . . . , 3(m— 1) + 1, 3(m— 
1) + 2} (see Fig. [I]). F is isomorphic to Ki m minus m 
disjoint edges and is, therefore, an impossible graph in 
d = 2m — 1. Hence, G n is not faithfully representable 
in d = 2m - 1_= - 1 = l2n/3\-l. The same holds 
true for G D C n . (C2) If n = 3m + 1, m G N, take the 
subgraph F induced in C n by vertices {1, 2, 4, 5, . . . , 3i + 
1, 3i + 2, . . . , 3(m - 1) + 1, 3(m - 1) + 2}. F is isomor- 
phic to Ki m minus m disjoint edges and is, therefore, 
an impossible graph in d = 2m — 1. Hence, C n is not 
faithfully representable in d — 2m — 1 = 2 "~ 1 — 1 = 
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|_2n/3j-l. The same holds true for G D C n . (C3) If 
n = 3m + 2,to £ N, take the subgraph F induced in 
G„ by vertices {1, 2,4, 5, . . . , 3i + 1, 3i + 2, . . . , 3(m- 1) + 
1, 3(m — 1) + 2, 3m + 1}. F is isomorphic to K2 m +i minus 
m disjoint edges and, therefore, it is an impossible graph 
in d = 2m. Hence, C n is not faithfully representable in 
d = 2m = 2 ("~ 2 ) = [277/3] -1. The same holds true for 
GDC n . M 
Physical principle behind quantum correlations. — It 
has been recently proved that the principle that the sum 
of probabilities of pairwise exclusive events cannot ex- 
ceed 1 [H, which we will hereafter call S, exactly sin- 
gles out the maximum value of the quantum correlations 
associated to G5 



portant in the light of Results 1 and 2, is whether S may 
single out the maximum value of the quantum correla- 
tions associated to C n and G„ for 77 odd > 7. 

Observation 3: "[T]he evidence that the Shannon 
capacity of odd cycles is extremely close to the value of 
the Lovasz theta function" [3l[ strongly suggests that S 
singles out the maximum value of the quantum correla- 
tions associated to the complement of odd cycles on 7 
or more vertices. If the Shannon capacity of odd cycles 
were equal to their Lovasz number, then S would single 
out the quantum correlations associated to the comple- 
ment of odd cycles on 7 or more vertices. In any case, 
this close proximity makes it very unlikely that any ac- 
tual experiment would allow us to distinguish natures's 
contcxtuality (assumed to be given by QM) from contex- 
tuality satisfying S. 

Proof: Ref. [l8| shows that, for a given graph G, the 
maximum value satisfying S (applied only to one copy of 
G) for the sum S (G) of probabilities of events represented 
by G is given by the fractional packing number of G, 



a*(G,r), which is equal to max J2i£V(G) Wi ' wnere the 
maximum is taken over all < Wi < 1 and for all cliques 
(subsets of pairwise linked vertices) Cj € T, under the re- 
striction J2i£C w i — 1 USUI]- When T is the set of all 
cliques of G, then a*(G,T) is also called the Rosenfeld 
number p{G) [33j ]. As shown in 12 1, for vertex transi- 
tive graphs (such us, e.g., G„ and G„), the maximum 
value of S(G) satisfying S applied to 77 copies is given 
by y / p(G* n ), where G is the graph of the NC inequal- 
ity. Recall that the quantum value is given by $(G). For 
C 5 , P(C 5 ) = § and ^p(C 5 * G 5 ) = 0(C 5 ) = y/E, which 
proves that S applied to two copies singles out the quan- 
tum correlations. The whole process can be summarized 

NCHV QM. S2 SI 

in the following expression: S(C$) < 2 < V5 < f, 

NCHV 

where < 2 indicates that the maximum value for non- 

QM, S2 

contextual theories is 2, < v5 indicates that the max- 
imum value for QM and S applied to two copies is \/E, 

si 

and < I indicates that the maximum value for S applied 
to one copy is §. 

For G7, with n 



words, for G7, S applied to 2 or 3 copies does not tell us 
more than S applied to one copy. However, S applied to 
4 copies leads us to a value closer to the quantum one. 
This follows from [35| , where it is proven that i/pJCft) < 
-J^ m 3.4474. The situation is similar for G„ with 77 odd 
> 9: the value singled out by S seems to converge to the 
quantum one as more copies are taken into account, but 
there is no clear evidence that this actually happens. 

However, note that graphs in family (i) are sparser 
than those in family (ii). As a result, when S is applied to 
multiple copies of graphs of family (ii), the resulting value 
approaches the quantum one much faster. Consider, for 



example, G7. From [3£ 



12j. A natural question, specially im- y/p(Cy 2 



7 
vTo 



we obtain that p{C 7 ) = | 
. Therefore, 



> 
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W3~ 



_ NCHV QM S3 S2 SI 

S(C 7 ) < 2 < 2.1099 < 2.1824 < 2.2136 < 2.3333. 

(2) 

For 4 copies of G7, only bounds of lj(C^ 4 ) are known 
371 ] . but it is clear that the value is even closer to the 
quantum one after considering the fourth copy, since 
7 _ o iQ7« ^ */„rr<*4\ < _ r T = ~ 2.1714. For 5 



2.1376 < 1/pJCf) 



/lib ' — v ^ v 11— ;%jo8 

copies, the best bounds known [371 ] are also compatible 
with a value even closer to the quantum one. 



1,2,3, ypJC™) 



|. In other 



The point is that there is strong evidence [31| that the 
Shannon capacity of odd cycles, 6(G„), is extremely close 
to their Lovasz number, i9(G rl ). This is important since 

Km™ VpJCT) - r— ; " Vh , (g . m) = efe 

holds because C n and C n are vertex transitive), which, 
if 0(G„) = t?(G„), would be equal to t?(G„), which is 
exactly the quantum value for G„. ■ 
Conclusions. — We have proved that the structure of re- 
lationships of exclusivity between the events of any NC or 
Bell inequality with quantum violation always contains, 
induced, simple structures represented by (i) odd cycles 
on 5 or more vertices and/or (ii) their complements. This 
provides a simple way to identify experiments which can- 
77o£ have quantum correlations and points out the impor- 
tance of understanding these two families of quantum 
correlations. 

While family (i) is a well-known family of quantum 
structures 3, 3 3s| , family (ii) has been identified here 
as a family of quantum structures. We have characterized 
the maximum noncontextual and quantum values for this 
family, and showed that, unlike the members of family (i), 
which arc always realizable in dimension 3, the presence 
of structures of family (ii) provides valuable information 
about the dimension of the system. 

Finally, we have shown that all the evidences accumu- 
lated in graph theory suggest that, for family (ii), the 
maximum value of the quantum correlations is singled 
out by the principle that the sum of probabilities of pair- 
wise exclusive events cannot exceed 1. This may add a 
new family to those already known to have this property 
[l2^ , and suggests that this principle may be fundamental 
for understanding quantum correlations. 
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Appendix I: Relation between quantum 
contextual/noncontextual graphs and perfect graphs 

Fig. [2] illustrates the relations among QCGs, QNCGs, 
and perfect graphs. Note that if a graph is perfect then 
its complement is also perfect. Table U shows the number 
of (nonisomorphic) graphs, perfect graphs, QCGs, and 
nonperfect QNCGs with a given number of vertices. Note 
that we only consider connected graphs. 



Appendix II: Basic quantum structures in 
well-known quantum structures 

Table H_] shows the number of induced basic structures 
in some well-known NC inequalities and Kochcn-Spccker 
(KS) proofs. The absence of induced odd antiholes may 
explain why family (ii) was not pointed out before. To 
our knowledge, the first time some of its members were 
identified as QCGs is in fill ]. 
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TABLE I: Number of nonisomorphic, perfect, quantum contextual, nonperfect-and-quantum-noncontextual connected graphs 
with a given number of vertices. 



Type 


5 


6 


7 


8 


9 


10 


Nonisomorphic 


21 


112 


853 


11117 


261080 


11716571 


Perfect [40] 


20 


105 


724 


7805 


126777 


3122221 


Quantum contextual [41] 


1 


3 


33 


498 


16533 


975330 


Nonperfect and quantum noncontextual [41] 





4 


96 


2814 


117770 


7619020 



TABLE II: Number of induced basic structures in some NC inequalities and KS proofs. The column "Graph" gives the standard 
name in graph theory of the corresponding structure, "Vertices" indicates its number of vertices, "Dimension" indicates the 
dimension of the quantum system maximally violating the NC inequality or implementing the KS set. 



NC inequality/KS proof 


Graph 


Vertices 


Dimension 


Cs 


cv 


c 7 


c 9 


c 9 


KCBS [14] 


Cs 


5 


3 


1 














CHSH [21] 


Ci 8 (1,4) 


8 


4 


8 














5*3 [42, 43] 




10 


4 


10 














KCBS-twin [44] 


J(5,2) 


10 


6 


12 














Mermin [45J 


Complement of Shrikhande 


16 


8 


96 














KS-18 [46, 47] 




18 


4 


144 


108 
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YO [48] and its tight version [49] 




22 


3 


288 


384 











KS-24 [50J 




24 


4 


576 


576 





192 





KS-31 [51] 




31 


3 


70 


184 





248 





KS-33 [501 




33 


3 


72 


84 





128 
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